Context. Kepler observations have revealed a class of short period exoplanets, of which Kepler-1520 b is the prototype, which have comet-like dust tails thought to be the result of small, rocky planets losing mass. The shape and chromaticity of the transits constrain the properties of the dust particles originating from the planet's surface, offering a unique opportunity to probe the composition and geophysics of rocky exoplanets. Aims. We aim to approximate the average Kepler long-cadence light curve of Kepler-1520 b and investigate how the optical thickness and transit cross-section of a general dust tail can affect the observed wavelength dependence and depth of transit light curves. Methods. We developed a new 3D model that ejects sublimating particles from the planet surface to build up a dust tail, assuming it to be optically thin, and used 3D radiative transfer computations that fully treat scattering using the distribution of hollow spheres (DHS) method, to generate transit light curves between 0.45 and 2.5 µm. Results. We show that the transit depth is wavelength independent for optically thick tails, potentially explaining why only some observations indicate a wavelength dependence. From the 3D nature of our simulated tails, we show that their transit cross-sections are related to the component of particle ejection velocity perpendicular to the planet's orbital plane and use this to derive a minimum ejection velocity of 1.2 kms −1 . To fit the average transit depth of Kepler-1520 b of 0.87%, we require a high dust mas-loss rate of 7 − 80 M ⊕ Gyr −1 which implies planet lifetimes that may be inconsistent with the observed sample. Therefore, these mass-loss rates should be considered to be upper limits.
Introduction
Exoplanetary systems are found to exhibit a large diversity in system architecture, planet size, composition and temperature. An intriguing recent addition to this diversity is the class of close-in, rocky exoplanets that have large comet-like tails, consisting of dust particles that are thought to originate from the rocky planet as a result of the rocky planet losing mass.
The term comet-like tail was first used in an explanatory context by Vidal-Madjar et al. (2003) to describe their discovery of a stream of hydrogen atoms escaping from the evaporating atmosphere of the hot-Jupiter type exoplanet HD209458 b and has subsequently been used to describe three other similar planets. A similarity between the gas-and dust-tails is that they are both shaped by radiation pressure 1 . The transit light curves produced by dust tails from disintegrating rocky exoplanets are asymmetrical due to the extended tails decreasing in density along the tail, away from the planet. They also feature forward-scattering peaks at ingress, and in some cases, egress (e.g. Rappaport et al. 2012 Rappaport et al. , 2014 Brogi et al. 2012; van Lieshout et al. 2014; Sanchis-Ojeda et al. 2015; van Lieshout et al. 2016) . To date, three such planets around mainsequence stars and one around a white dwarf have been discov-1 Although, the tail of HD 189733 b has a large blue shift that is best explained by charge exchange interaction with the stellar wind. (VidalMadjar et al. 2003; Ehrenreich et al. 2012; Rappaport et al. 2012; Bourrier et al. 2014; Ehrenreich et al. 2015; Holmström et al. 2008; Ekenbäck et al. 2010; . ered from Kepler light curves: Kepler-1520 b (also known as KIC 12557548 b) (Rappaport et al. 2012) , KOI-2700 b (Rappaport et al. 2014 , K2-22 b (Sanchis-Ojeda et al. 2015) and WD 1145+017 (Vanderburg et al. 2015) . These planets all have orbital periods of less than one day and exhibit variable transit depths, with WD 1145+017 exhibiting transit depths of up to 40%. The dust in the tails of disintegrating rocky exoplanets originates from the outer parts of the planet. Therefore, these objects present the exciting opportunity to observationally probe the outer composition of rocky exoplanets, which would be very valuable information for constraining models of their structure and geophysics.
Kepler-1520 b has been relatively well studied, and constraints on its mean particle size, mass-loss rate (assuming an optically thin tail) and particle composition have been determined by fitting models to the Kepler light curves, and by searching for a wavelength dependence in the transit depth with spectrophotometric observations. The first constraints on the particle size and mass-loss rate for Kepler-1520 b were derived by Rappaport et al. (2012) in their discovery paper. Assuming an optically thin tail, they derived a mass loss rate of 1 M ⊕ Gyr −1 . This was further refined by Perez-Becker & Chiang (2013) who show with improved models that for possibly porous grains with radius >0.1 µm, the mass loss rate can have a lower value of 0.1 M ⊕ Gyr −1 . Brogi et al. (2012) develop a one-dimensional model of the dust tail with an exponentially decaying angular dust density away from the planet and derived a typical particle size of 0.1 µm. A complementary study carried out by Budaj (2013) A&A proofs: manuscript no. ChromaticTransitLightCurves a power law or an exponential as a function of angular distance from the planet. One of their main results is that the system was found to be best modelled with at least two components, one consisting of the transit core and the other producing the tail. This is validated by van Werkhoven et al. (2014) with their implementation of a two-dimensional, two component model consisting of an exponential tail and an opaque core, which gave an improved fit to the Kepler short-cadence light curves.
Some interesting constraints have been applied to the composition of the dust particles in the tail of Kepler-1520 b. van Lieshout et al. (2014 find the grains to be consistent with being composed of corundum (Al 2 O 3 ) or iron-rich silicate materials. This work is extended by van Lieshout et al. (2016) in which a self-consistent numerical model was developed to calculate the dynamics of the sublimating dust particles and generate synthetic light curves. They find that good fits to the observed light curves can be obtained with initial particle sizes between 0.2 and 5.6 µm and mass-loss rates of 0.6 to 15.6 M ⊕ Gyr −1 . Furthermore, they find the dust composition to be consistent with corundum (Al 2 O 3 ) but not with several carbonaceous, silicate or iron compositions.
In addition to fitting the average Kepler light curves, information about the particle composition and size can be derived from spectrophotometric observations. Croll et al. (2014) observe transits of Kepler-1520 b at 2.15 µm, 0.53 µm − 0.77 µm and utilise the Kepler light curve at 0.6 µm and found no wavelength dependence in transit depth. They report that if the observed scattering was due to particles of a single size, the particles would have to be at least 0.5 µm in radius. Murgas (2013) observed three transits and one secondary eclipse of Kepler-1520 b with OSIRIS on the GTC and also found no evidence for a wavelength dependence in transit depth. Schlawin et al. (2016) carried out a complementary search for a wavelength dependence in the transit depth of Kepler-1520 b to constrain the particle size. They observe eight transits with the SpeX spectrograph and the MORIS imager on the Infrared Telescope Facility, with a wavelength coverage of 0.6 − 2.4 µm, and one night in H band (1.63 µm). They report a flat transmission spectrum, consistent with the particles being 0.5 µm for pyroxene and olivine or 0.2 µm for iron and corundum. Bochinski et al. (2015) observe five transits with ULTRA-CAM on the 4.2 m William Herschel Telescope. In contrast to the previously discussed results which indicate a wavelength independent transit depth, Bochinski et al. (2015) report a wavelength dependence to a confidence of 3.2σ. These transit depths are consistent with absorption by interstellar medium (ISM) like material with grain sizes corresponding to the largest found in the ISM of 0.25 -1 µm.
The exoplanet K2-22 b was discovered and characterised by Sanchis-Ojeda et al. (2015) . They observe transits with several ground based 1m class telescopes and the Gran Telescopio Canarias (GTC). Their observations reveal it to have highly variable transit depths from 0 to 1.3%, variable transit shapes, and on one occasion, a significant wavelength dependence. They infer that the distribution of dust particle sizes (a) must be a non-steep power-law, dN/da ∝ a −Γ with Γ 1 − 3 with maximum sizes in the range of 0.4 − 0.7 µm. They also determine its tail to be leading (instead of trailing) the planet. The leading tail requires the dust to be transported to a distance of about twice the planetary radius towards the host star where it effectively overflows the planet's Roche lobe and goes into a faster orbit than that of the planet, allowing it to move in front of the planet. This can be accomplished with particles that have β (the ratio to radiation pressure force to gravitational force) 0.02 which is possible for a very low luminosity host star with very small ( 0.1 µm) or very large ( 1 µm) dust particles. Alonso et al. (2016) observe several transits of disintegrating planetesimals around the white dwarf WD 1145+017 with the Gran Telescopio Canarias (GTC) and found no wavelength dependence in transit depth in bands centred on 0.53, 0.62, 0.71 and 0.84 µm.
We have developed a new 3D model to investigate how the optical thickness and transit cross-section of a general dust tail can affect the wavelength dependence and depth of transit light curves. Our model builds up a tail by ejecting particles from the surface of the planet with a velocity relative to the planet and tracks them until they vanish due to sublimation, in contrast to the models of Brogi et al. (2012) , Budaj (2013) , van Werkhoven et al. (2014) , Rappaport et al. (2014) and Sanchis-Ojeda et al. (2015) who assume a density profile in the tail.
van Lieshout et al. (2016) release particles from the centre of the planet with zero velocity relative to the planet and without considering the effect of the planet's gravity. To generate synthetic light curves, they calculated the individual contribution of each particle, taking into account its scattering cross-section and phase function, its extinction cross-section, and the local intensity of the stellar disk. They then scaled these contributions by the mass-loss rate of the planet. This limited them to only generating light curves for optically thin tails. However, they also showed that in reality, the tail would likely have an optically thick component near the planet. This paper is structured as follows: in Section 2 we describe our new model and Section 3 shows the results of some instructive tail simulations. Section 4 explores how the wavelength dependence in transit depth depends on the optical depth of the tail, while in Section 5 we discuss how a lower limit on particle ejection velocity can be determined from the transit depth. Finally, Section 6 discusses the limitations and implications of the presented results and Section 7 summarises the main results.
Method: The model

Dust dynamics code
Our model builds up a 3D tail by ejecting tens of thousands of meta-particles from the surface of the rocky planet, where each meta-particle represents a large number of particles. The metaparticles can be launched in variable directions with variable speeds, allowing different launch mechanisms to be modelled. Each individual dust meta-particle experiences a radiation pressure force away from the star, a gravitational force towards the star, and the gravitational force towards the planet. The inclusion of the gravitational attraction of the planet means that metaparticles with low launch velocities will follow ballistic trajectories and return to the surface of the planet.
The ratio of radiation pressure force and gravitational force towards the star, β, is independent of distance from the star and only depends on the particle's scattering properties which are determined by its composition, radius and shape (e.g. Burns et al. 1979) . Our values of β were computed as in van Lieshout et al. (2014) by integrating the radiation pressure over the spectrum of the star for a particle composition of corundum which was found by van Lieshout et al. (2016) to be consistent with the observations, however, other compositions such as iron-rich silicates are also possible. Our simulated dust meta-particles become smaller with time due to sublimation and β changes correspondingly.
In reality, additional forces act on these particles, however they were neglected in this work because they produce much smaller effects. Poynting-Robertson drag only becomes signifi-cant over many orbits (van Lieshout et al. 2016 ) and can therefore be neglected because the lack of any correlation between transit depths implies that on average particles do not live longer than one orbit (van Werkhoven et al. 2014) . Rappaport et al. (2014) show in their Appendix A that the stellar wind ram pressure is expected to be one to two orders of magnitude less significant than the radiation pressure so it was also ignored in this work.
This model was implemented in a rotating coordinate system that was centred on the star and rotated with the planet's orbital velocity so that the planet remained at the same coordinates throughout its orbit. In this reference frame the meta-particles do not move very far over the grid in a single time step. The equation of motion in this co-rotating reference frame is
|r| 3 r stellar gravity and radiation pressure
where ω is the angular velocity vector of the planet, r is the vector from the star to the dust particle, d is the vector from the planet to the dust particle, M * is the mass of the star, and m p is the mass of the planet. This equation of motion was integrated using Python's odeint 2 , which uses Isoda from the FORTRAN library odepack. This equation of motion changes from having relatively stable solutions (non-stiff) to having potentially unstable solutions (stiff) throughout the motion of a dust particle. The odeint package automatically determines whether an equation is non-stiff, allowing it to be accurately integrated with the fast Adams' method or stiff, requiring it to be integrated with the slower but more accurate backward-differentiation formula (BDF).
This model allows for meta-particles to be ejected with arbitrary spatial and temporal distributions so that a variety of possible ejection scenarios can be investigated, such as a spherically symmetric continuous outflow, or directed outbursts from a volcano. However, in this work we have focussed on a simple, spherically symmetric outflow, where the meta-particle ejection direction is uniformly randomly distributed over a sphere because as was pointed out by Rappaport et al. (2012) , if the planet is tidally locked the particles might be expected to stream off the hot day-side, but if there are horizontal winds on the planet, the material could be redistributed around the planet.
There are several important free parameters that have an impact on the tail morphology and resulting light curves. All of these parameters are shown in Table 1 , along with their typical values.
After the meta-particles are ejected from the planet, they sublimate until they reach a radius of 1 nm and are removed from the simulation. We assumed a simple sublimation rate that was constant for all meta-particles and over all meta-particle radii. In reality, the sublimation rate would be more complex and would depend on the compositions, shapes and temperatures of the particles which was partially exploited by van Lieshout et al. (2014 van Lieshout et al. ( , 2016 to constrain the particle composition. However, for this work our focus was on investigating how the transit depth varied as a function of wavelength and meta-particle ejection velocity 
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Bin size 0.0526 From van Lieshout et al. (2016) . (2) Since the dust may be subject to horizontal winds on the planet that can distribute material from the substellar point to the night side (Rappaport et al. 2012) .
(3) The number of particles that each meta-particle represented was scaled to set the planet's mass-loss rate to the desired value. for a general tail, so our only requirements on the sublimation rate were that it produced a tail of reasonable length and that meta-particles did not survive for longer than one orbit (since there is no correlation between consecutive transit depths (van Werkhoven et al. 2014) ), making our simple approximation reasonable.
Our model continuously ejects a stream of meta-particles so that at every time step of the simulation, there are several thousand spatially separated meta-particles populating the tail. This enables us to investigate whether the optical depth in the radial direction through the tail can reduce the flux (and radiation pressure) on shielded dust meta-particles enough to affect the tail's morphology. However, that is beyond the scope of this paper and will be presented in a forthcoming paper.
Our planet properties were chosen in the following way. The trialled planet mass of 8.36 × 10 −6 M ⊕ (#1) was chosen by trialand-error so that the planet's gravity would have a very small effect on the meta-particles' motion and the trialled planet mass of 0.02 M ⊕ (#2) was chosen because it was found by Perez-Becker & Chiang (2013) to be its most likely current mass. The planet's bulk density was chosen to be equal to that of Mercury because that assumption has been previously made (e.g. Perez-Becker & Chiang 2013) . This density was used to calculate the radii corresponding to the trialled masses, assuming a spherical planet.
In all of our tail simulations, we used a constant initial metaparticle size instead of a distribution. This was primarily for simplicity because the radiative transfer component of our model (see Section 2.3) is too slow to allow the model parameters to be constrained in a Markov-chain Monte-Carlo (MCMC) manner. We chose an initial meta-particle size of 1 µm as this was generally consistent with the findings of previous studies (see Introduction) and also with dynamical constraints discussed in Section 3.5.
Particle dynamics simulations
To validate our code, we studied the tracks of non-sublimating particles, which have a constant β, that were released from the planet centre with zero velocity relative to the planet. The values of β were such that the particles stayed in bound orbits, which is true for β < 0.5 . Such bound particles should form rosette-like shapes in the co-rotating frame over many orbits, as is shown in Fig. 2 of van Lieshout et al. (2016) and Fig. 7 of Rappaport et al. (2014) . We reproduce Fig. 7 of Rappaport et al. (2014) in our Fig. 1 , showing perfect agreement and hence confirming that the numerical accuracy of our dynamics code was sufficient to reliably solve the equation of motion describing the motion of the particles.
If the particles are ejected from the surface of the planet with some velocity relative to the planet, the track of each particle differs from the track produced by releasing the particles from the centre of the planet. This is shown in Fig. 2 which shows the tracks of spherical particles of corundum of radius 1 µm, with β = 0.038. It can be seen in Fig. 1 that when all the particles are released from the centre of the planet with no relative velocity, the perihelion point forms a cusp for all particles. However, when the particles are ejected from the surface of a planet of mass 8.4×10
−6 M ⊕ and radius 0.020 R ⊕ with a velocity of 1.2 times the surface escape velocity (272 ms −1 ) the perihelion point is not the same for all particles and depends on the ejection velocity. This causes the local enhancement in density at the perihelion cusp to be spread slightly along the planet's orbit.
To ensure that our constant time steps were small enough to enable Eq. 1 to be accurately solved, we doubled the number of time steps, which changed the average displacement between individual meta-particles by less than 0.5 planetary radii (assuming a planet radius of 0.28 R ⊕ ). This is negligible compared to the size of the tail, which has a maximum extent perpendicular to the planet's orbital plane of 10 − 20 planetary radii and typical length of 1000 planetary radii.
Ray tracing with MCMax3D
The code described in Section 2.1 simulates the dynamics of the dust meta-particles in the tail but does not generate light curves. To generate light curves, we employed the radiative transfer code MCMax3D 3 (Min et al. 2009 ). MCMax3D was originally designed to generate circumstellar disk density distributions and carry out Monte Carlo radiative transfer. We modified MCMax3D, to take an arbitrary mass density distribution file as an input. The code described in Section 2.1 converts the distribution of individual meta-particles to a continuous mass density distribution for MCMax3D. The density is calculated on a spherical grid surrounding the star that has cell dimensions that were chosen so that there were always several meta-particles per cell and that the distribution was always continuous, without unpopulated cells between populated cells. This density grid was also used for the radiative transfer, and consisted of 200 evenly spaced bins in the radial direction ranging from 0.0130 − 0.0150 au from the centre of the star (with the fiducial semi-major axis of Kepler-1520 b being 0.0131 au 4 ), 720 evenly spaced bins in the azimuthal direction, ranging from 0 to 360
• , and 40 bins of elevation angle ranging from 0 to 180
• (where the planet's orbital plane is at 90
• ), with the first bin containing 0−89 • , the last bin containing 91−180
• and the remaining 2 • close to the orbital plane being covered by 38 evenly spaced bins. The grid boundaries were set such that the planet fell on an intersection of grid lines so that meta-particles released from different sides of the planet would be in different grid cells. Since the 3D spherical grid completely surrounded the star, most of the grid cells were empty, however some cells contained mass, distributed in the same way as the tail produced by the code in Section 2.1.
The MCMax3D code was then used to carry out a full 3D radiative transfer through this grid by propagating 1 × 10 6 photons though the mass density distribution in a Monte Carlo fashion with photons being emitted from the star at all angles. We used a full treatment of scattering that includes extinction due to scattering by using the distribution of hollow spheres (DHS) method from Min et al. (2005) , which is analogous to Mie scattering but is more general as it can be applied to non-spherical particles. To produce images, the simulated photons were detected by a virtual camera situated such that photons would propagate from the star, through the dust, before being detected and producing an image composed of photons from all angles from the stellar disk.
We assumed that the dust particles in the tail were composed of corundum (Al 2 O 3 ) as this was determined by van Lieshout et al. (2016) to be consistent with the observations of Kepler-1520 b (although other compositions are possible). We took the optical properties of corundum from Koike et al. (1995) and constructed the opacities by assuming irregularly shaped particles, using the DHS method. The opacity as a function of grain size, integrated over the spectrum of Kepler-1520 is shown in Fig. 2 of van Lieshout et al. (2014) .
The virtual camera was elevated relative to the orbital plane to approximate the transit's impact parameter. This was only an approximation because there is a slight mismatch between the effective impact parameter derived for Kepler-1520 b in previous research (see Introduction) and the viewing elevation used here because different parts of the tail are at slightly different radial distances from the host star. Light curves were generated by rotating the virtual camera around the system to mimic the effect of having a stationary observer observing a transiting dust tail.
Examples of these simulated images are shown in Figs. 3 and 4. Figure 3 shows a series of images at different orbital phases from a viewing elevation of 81.52
• from the pole of the orbital plane (approximating the impact parameter), while Fig. 4 shows an image at a single orbital phase as viewed from the pole of the orbital plane, with elevation 180
• . Images (and hence transit light curves) can be generated in different wavelengths, which allows the wavelength dependence of the transit depth to be studied. MCMax3D is also capable of modelling polarisation, allowing us to predict the degree of polarisation, Q 2 + U 2 /I, induced by the dust in the tail.
The ray-tracing carried out by MCMax3D is computationally very intensive and takes about 15 minutes to generate a single image at a single wavelength on a standard desktop workstation. To generate a light curve of sufficiently high temporal resolution, images for a large number of viewing angles need to be generated (e.g. 360 viewing angles for a 1
• orbital phase resolution, corresponding to a temporal resolution of 157 s), so the time required to generate a full phase light curve for a single wavelength is typically 80 hours. For this reason, when simulating full light curves, we consider only the wavelengths 0.65 µm (Kepler bandpass), 0.85 µm and 2.5 µm. When only the transit depth from a single viewing angle was needed, we considered the wavelengths of 0.45 µm, 0.65 µm, 0.85 µm, 1.5 µm, and 2.5 µm.
Results of simulations
3.1. Modelling the light curve of Kepler-1520 b with a low planet mass
By keeping most of the parameters fixed (see Section 2.1), we were able to vary the meta-particle ejection velocity and dust tail mass in a trial-and-error way to produce a reasonable match to the observed average Kepler long cadence (LC) light curve of Kepler-1520 b (although this may not be the best match that this model can produce). The meta-particle ejection velocity set the tail's maximum extent perpendicular to the planet's orbital plane (which is proportional to its transit cross-section) and its mass determined its opacity.
To produce this tail, we used a planet mass of 8.36 × 10 −6
M ⊕ and radius 0.0204 R ⊕ (mass and radius #1 in Table 1 ), which is much smaller than the limit of 0.7 R ⊕ determined by van Werkhoven et al. (2014) and would give a transit depth of 8×10 −6 %. Meta-particles were ejected with a velocity of 680 ms −1 (three times faster than the surface escape velocity). This resulted in a maximum tail height above the orbital plane of 1.3 × 10 7 m. This tail was mostly optically thin, however, it was moderately optically thick at the head of the tail, close to the planet. For this transit cross-section, we found that a dust tail mass of 4.8 × 10 13 kg was required to produce a relatively good match to the Kepler average long-cadence light curve. This corresponds to a mass-loss rate of 18.8 M ⊕ Gyr −1 . Visualisations of this tail are shown in Figs. 5 and 6 which show the tail with meta-particles colour coded according to meta-particle radius and the square root of the density, respectively. This tail has a smooth morphology and the perihelion point where all of the meta-particles on inclined orbits cross back through the orbital plane of the planet can be clearly seen as a waist in the 'bow-tie' plot of Figs. 5 and 6. The points in Fig. 6 are colour coded according to the square root of the density (to increase the dynamic range) and clearly show a local density enhancement at this perihelion point. This enhancement has interesting implications for tails with a high optical depth, as shown in Section 3.2.
Even though we ejected dust meta-particles with a constant radius of 1 µm, a distribution of meta-particle sizes in the tail is produced by the meta-particles sublimating. We used a constant −6 M ⊕ . The particles were ejected with a velocity of 1.2 times the surface escape velocity (272 ms −1 ) towards the star at the top of the page (+y) , in the anti-stellar direction towards the bottom of the page (−y), in the direction of the planet's orbital motion to the right of the page (+x), in the anti-orbital motion direction to the left of the page (−x) and perpendicular to the orbital plane, out of the page (+z). This coordinate system is rotating around the z axis so the track for −z is the same as for +z. The planet is indicated by the circle (not to scale). sublimation rate which leads to the distribution in the tail as a whole being described by a power-law of the form dN/da ∝ a −Γ where a is the meta-particle radius and Γ = 1. This value of Γ is different to the value used in Brogi et al. (2012) of Γ = 3.5, however, it is broadly consistent with the range of values derived by Sanchis-Ojeda et al. (2015) for the dust tail of K2-22 b of
To consider the meta-particle size distribution in more detail, the distribution of meta-particle sizes as a function of phase along the tail is shown in Fig. 7 . The left panel shows the number of meta-particles in each size bin and the right panel shows the probability of finding a meta-particle of a given size. This shows the details of how the number and size of meta-particles decreases with increasing angular distance away from the planet.
Therefore, the distribution of meta-particles contributing to the transit light curve changes as a function of orbital phase. Fig.  8 shows the average size of meta-particles crossing the stellar disk as a function of orbital phase during transit. These metaparticles make the most significant contribution to the transit light curve, however they are not the only contribution to the light curve because meta-particles not in front of the stellar disk can also contribute to the light curve by forward-scattering light. However, it is clear that even if the meta-particles are ejected with a constant initial meta-particle size, the combination of the meta-particles sublimating and having different ejection velocities will result in a distribution of meta-particle sizes as a function of orbital phase.
The transit light curve for wavelengths of 0.65, 0.85 and 2.5 µm that this tail produced are shown in Figure 9 . We compare these simulated light curves to the Kepler LC light curve of Kepler-1520 b that resulted from the de-correlation and detrending of 15 quarters of Kepler data by van Werkhoven et al. (2014) .
The 0.65 µm light curve (Kepler bandpass) is very similar to the Kepler LC light curve, with the pre-ingress forwardscattering peak, ingress and egress slopes and transit width matching the Kepler LC data reasonably well. It can be seen that at this dust mass-loss rate, the transit light curve depends significantly on wavelength with a large difference in transit depth and shape from the visible to the near infrared. This difference may even be able to constrain the mass loss rate, as will be discussed in Section 4.
We computed the light curve at 0.65 µm over the entire orbital phase to search for signs of a secondary eclipse but no secondary eclipse was apparent. This is consistent with the Kepler LC observations (van Werkhoven et al. 2014 ).
Article number, page 6 of 22 A. R. Ridden-Harper et al.: Chromatic transit light curves of disintegrating rocky planets Fig. 3 . Images generated by MCMax3D for the tail configuration presented in Section 3.1 at λ = 650 nm for different azimuthal viewing angles corresponding to orbital phases φ = −9
• , −1 • , 7
• and 17 • , with an elevation viewing angle of 81.52
• as measured from the pole of the orbital plane. Integrating the flux of images such as these for different azimuthal viewing angles produces a transit light curve.
Optically thick tail
To investigate the properties of a hypothetical optically thick tail, we produced a tail of dust that had 600 times more mass than the tail presented in Section 3.1, giving a dust mass of 1.2 × 10 16 kg, or a dust mass-loss rate of 4.8×10 3 M ⊕ Gyr −1 . This planet dust mass-loss rate is unrealistically high because the planet would not survive for long enough to have a reasonable chance of being observed. However, it produces interesting light curves, so we present it here as a hypothetical illustrative example. We see four major differences when comparing its light curves shown in Fig. 10 to those shown in Fig. 9 . The first difference is that the transit duration has become longer because the small metaparticles in the low density region at the end of the tail now have enough mass to make an appreciable effect on the light curve. The second difference is that the wavelength dependence in transit depth has become much less significant, while the third difference is that the pre-ingress forward-scattering feature is no longer present. The fourth difference is the 'double dip' transit shape which results from the tail being bow-tie shaped (right panel of Fig. 5 ) and optically thick. As was previously discussed by van Lieshout et al. (2016) , this occurs because when the particles on inclined orbits pass through the planet's orbital plane (the narrow part of the bow-tie), they leave gaps above and below the orbital plane, reducing the tail's cross-section. The absorption of • , looking down on the orbital plane of the planet. The tail scatters little light vertically out of the orbital plane so the dynamic range has been restricted to the fluxes from the brightest and faintest parts of the tail so the star is actually three orders of magnitude brighter than indicated by the upper limit of this colour scale. Fig. 5 . Simulated tail of corundum meta-particles viewed from above the orbital plane (left) and in the orbital plane (right) with meta-particles colour coded according to meta-particle radius. The left panel's axes have the same scale, however the right panel's vertical axis is stretched by a factor of ∼1000 relative to the horizontal axis because the tail is much longer than it is high. These meta-particles have an initial radius of 1 µm and were ejected with a spherically symmetric distribution from a planet of mass 8.4×10
−6 M ⊕ and radius of 0.020 R ⊕ at a velocity of 3.0 times the planet's surface escape velocity (or 674 ms −1 ). The meta-particles were tracked as they sublimated until they were removed when they reached a radius of 1 nm. The sublimation rate of the meta-particles was set so that they reached a radius of 1 nm after one planetary orbit.
an optically thick tail only depends on the tail cross-section so this reduces the absorption at the mid-transit point. Therefore, if such a feature were ever observed in the light curve of a disintegrating planet, it would indicate that the tail was optically thick and that the particles were necessarily surviving for at least half of an orbit to reach this point of tail cross-section reduction.
By exploiting the fact that the mid-transit depth depends linearly on maximum tail height for an optically thick tail, this transit depth was made to be comparable to the depth of the average Kepler LC light curve of Kepler-1520 b by setting the metaparticle ejection velocity to be 413 ms −1 (1.82 times the surface escape velocity) which resulted in a maximum tail height from the orbital plane of 7.38 × 10 6 m. The relation between metaparticle ejection velocity and maximum tail height is further discussed in Section 5.
We checked for a secondary eclipse at 0.65 µm with this tail mass by computing the full orbit phase curve. However, as with the optically thin tail, we did not see a secondary eclipse. While this is an interesting illustrative example, this scenario is unlikely. Since the planet of mass 8.36 × 10 −6 M ⊕ that was used in Section 3.1 would disintegrate too quickly, we simulated a tail using a planet mass of 0.02 M ⊕ (mass #2 in Table 1 ) and a metaparticle ejection velocity of 1.21 km s −1 or 0.40 times the surface escape velocity. This resulted in a maximum height from the orbital plane of 1.5×10 7 m, which is similar to the maximum height of the tail presented in 3.1, however the maximum height Article number, page 8 of 22
A. R. Ridden-Harper et al.: Chromatic transit light curves of disintegrating rocky planets Fig. 6 . Same as Fig. 5 but colour coded proportionally to the square root of density to increase the dynamic range. Fig. 7 . Distribution of meta-particle sizes in the tail produced by ejecting meta-particles with a spherically symmetric distribution from a planet of mass 8.4×10
−6 M ⊕ and radius of 0.020 R ⊕ at a velocity of 3.0 times the planet's surface escape velocity (or 674 ms −1 ). Left: Number of meta-particles in each size bin (vertical axis) as a function of angular displacement along the tail with positive phases being ahead of the planet (horizontal axis). Right: Same as left but instead of showing the absolute number of meta-particles, it shows the probability of finding a metaparticle within a given size bin at that angular displacement along the tail, so that the sum over all meta-particle sizes for a given angular phase (column) is one.
is just an approximate comparison between these tails because they have different vertical meta-particle distributions. Ejecting the meta-particles at such a low velocity resulted in 84% of the meta-particles falling back onto the planet in ballistic trajectories before they could form a tail. To compensate for this large number of lost meta-particles, we increased the number of ejected meta-particles so that the final number of meta-particles was the same as the tail shown in Section 3.1. The surviving 16% of meta-particles have an interesting distribution of initial velocities which is shown in Fig. 11 where the upper panels show the distribution of initial velocities of all ejected meta-particles and the lower panels show the initial velocity distribution of only the meta-particles that do not collide with the planet and ultimately form a tail. The directional components are: in the direction of the planet's orbital motion (X), directed towards the star (Y), and directed perpendicular to orbital plane (Z). There is a strong preference for tail forming meta-particles to have been ejected in the anti-orbital direction, the anti-stellar direction and at small angles from the planet's orbital plane.
Meta-particles that are ejected in the anti-orbital direction are more likely to avoid colliding with the planet than meta-particles that are ejected in the orbital direction because the radiation pressure and centrifugal force act to move the meta-particles radially away from the star, slowing their orbital velocity and allowing them to be overtaken by the planet. In the co-rotating reference frame, the meta-particles drift away from the stationary planet in the anti-orbital direction. Therefore meta-particles ejected in the orbital direction have to pass over the planetary surface, increasing their chances of falling back onto the planet, while metaparticles ejected in the anti-orbital direction drift away from the planet without having to pass over its surface.
Meta-particles are more likely to form a tail after being ejected in the anti-stellar direction because on that side of the planet, the radiation pressure and centrifugal forces counteracts the planet's gravity. Conversely, on the stellar side they act in the same direction as the planet's gravity to accelerate meta-particles back towards the planet. This model does not account for the possibility of the planet shielding meta-particles from the radiation pressure, however we expect that this would only make the preference slightly less pronounced because it would only affect meta-particles that were ejected almost exactly in the anti-stellar direction.
The preference for small ejection angles from the orbital plane (Z component close to zero) is mostly because a larger initial velocity component in the Z direction reduces the velocity component in the anti-stellar direction. This means that metaparticles ejected with a large velocity in the Z direction require a larger radiation acceleration to escape the planet. Furthermore, Article number, page 9 of 22 A&A proofs: manuscript no. ChromaticTransitLightCurves Fig. 8 . Average meta-particle size in transit for the tail produced by ejecting meta-particles with a spherically symmetric distribution from a planet of mass 8.4×10
−6 M ⊕ and radius of 0.020 R ⊕ at a velocity of 3.0 times the planet's surface escape velocity (or 674 ms −1 ). The black dotted line shows the average meta-particle size as a function of phase in transit in intervals of 1
• while the solid blue line is convolved by the angular size of Kepler-1520 as seen from Kepler-1520 b, of 26
• , to show that at different times during the transit, different meta-particle sizes dominate the contribution to the light curve. This excludes the meta-particles external to the stellar disk that contribute with scattered starlight.
considering the co-rotating reference frame, a larger initial velocity component in the Z direction will result in a smaller Coriolis acceleration that can potentially work with the radiation pressure and centrifugal force to help overcome the planet's gravity. Despite it being more likely that meta-particles that are ejected with a large component of their velocity in the Z direction will collide with the planet, those that do not collide with the planet set the maximum height of the tail. This may have interesting implications for understanding the geophysical processes occurring on the planet. It shows that if the planet were relatively massive, even if the particle ejection mechanism acts uniformly over the entire planet's surface, we would only detect the fraction of the total population that was ejected in the particular direction that can form a tail.
This tail is presented in Figs. 12 and 13 which show the tail meta-particles colour coded according to meta-particle size and local density. Despite having a maximum height that is similar to the tail presented in Sect. 3.1, this tail has a more rectangular shape, which would diminish the prospect of detecting the double-dip light curve feature (as in Fig. 10 ) caused by the dust density enhancement from meta-particles crossing the planet's orbital plane.
The light curve that this tail produces is shown in Fig 14. To make the simulated light curve have a similar depth to the Kepler average long-cadence light curve for Kepler-1520 b, we scaled the tail dust mass to 3.0×10 14 kg, which corresponds to a dust mass-loss rate of 80 M ⊕ Gyr −1 , only considering the 16% of meta-particles that actually escape to form a tail. This implies a lifetime of 0.25 Myr which is also much smaller than the ex- For comparison to the simulated tail presented in Section 3.3 that used a planet mass of 0.02 M ⊕ with a meta-particle ejection velocity of 0.40 times the surface escape velocity, we also simulated a tail with the same planet mass but with the larger meta-particle ejection velocity of 1.034 times the surface escape velocity (or 3.13 kms −1 ). The simulated tail is presented in Figs  15 and 16 and the resulting light curve is presented in Fig. 17 . Since the meta-particle ejection velocity is higher than the escape velocity, most of the meta-particles can escape from the planet and form a tail. Compared to the tail in Section 3.3, this tail has more of a bow-tie shape, however it is less well defined than the tail presented in Section 3.1 due to the planet's larger gravity smearing out the point where the meta-particles' orbital trajectories cross the planet's orbital plane. After simulating the tail by calculating the meta-particle dynamics (without accounting for radiation shielding through the tail) we scaled the dust mass of the tail to make it produce the same transit depth as the average long-cadence light curve of Kepler-1520 b of 0.87%. The required tail dust mass was 1.92×10 13 kg which corresponds to a dust mass-loss rate of 7 M ⊕ Gyr −1 . This dust mass-loss rate would result in the planet of mass 0.02 M ⊕ having a lifetime of 2.7 Myr which is more reasonable than the tails presented in the previous sections but still less than the 40 − 400 Myr found by Perez-Becker & Chiang (2013) . However, the light curve pro- duced by this more vertically extended tail also over-estimates the pre-ingress forward-scattering peak which prevents us from further decreasing the required dust mass-loss rate by further increasing the tail's height.
Behaviour of large particles
The motion of a dust particle in the tail is controlled by the ratio of the radiation pressure force to the gravitational force, β which is a quantity that only depends on radius for a given particle composition and host star spectrum (e.g. Fig. 3 of van Lieshout et al. 2014) . In general, β becomes very small for large particles of radii 10 µm which results in large particles not being sculpted into a long tail by the radiation pressure. Therefore, large particles tend to remain around the planet and can drift in front of the planet if they are ejected with some velocity relative to the planet. To illustrate that this can place an upper limit on the allowed particle sizes in the tail, we simulated a tail with an initial metaparticle size of 50 µm and correspondingly increased the sublimation rate so that the meta-particles completely sublimated after one orbit. As the large meta-particles sublimate, β increases, allowing a small tail to form. The morphology of this tail is shown in Figs. 18 and 19 , which show the tail meta-particles colour coded according to the meta-particle radius and square root of meta-particle density, respectively.
The transit light curve that this tail produces is shown in Fig.  20 , in which the light curves have been scaled by a factor of 14 to compensate for the reduced cross-section of the shorter tail. When comparing to the model light curves shown in Fig.  9 , these light curves have an earlier transit time caused by the large number of meta-particles ahead of the planet. They also have a more symmetric shape due to not having a long tail to produce the gradual increase of flux at egress. Therefore, this implies from a dust particle dynamics perspective that in order to form a tail long enough to produce an asymmetric transit light curve similar to the Kepler long-cadence light curve of Kepler-1520 b, the particles in the tail must have radii 50 µm.
Wavelength dependence
To investigate how an optically thick tail can influence the wavelength dependence of the transit depth, we calculated the transit depth in several wavelengths as a function of tail dust mass (or mass-loss rate). We did this by taking the tail configuration presented in Section 3.1 with a planet mass of 8.35×10
−6 M ⊕ , as well as a similar tail but with a reduced meta-particle ejection velocity of 272 ms −1 (1.2 times the surface escape velocity) and scaling the mass in the tail over three orders of magnitude. Since we were mainly interested in the transit depth and not the overall shape of the light curve, we saved time by not computing the full light curve to find the transit depth, and instead only car- −6 M ⊕ and radius of 0.020 R ⊕ at a velocity of 413 ms −1 ) (1.8 times the planetary surface escape velocity) and scaling its final dust mass to 1.2 × 10 16 kg, or a dust mass-loss rate of 4.8×10 3 M ⊕ Gyr −1 (600 times higher than the tail mass that produced Fig. 9 ) to make it completely optically thick.
ried out the ray-tracing for the viewing angles of phase 0 (midtransit point) and phase 0.5 to allow the normalised transit depth to be derived. For the highest tail masses, there is a small signature from the secondary eclipse spanning the orbital phase range of approximately φ = [0.3,-0.3], which may affect the absolute transit depth of the highest tail masses by ∼ 0.01%, however the overall trend will be unaffected.
These results are presented in Fig. 21 which comprises four panels. The left panels are for a meta-particle ejection velocity of 272 ms −1 and the right panels are for meta-particle ejection velocities of 679 ms −1 . The first row shows the absolute transit depth as a function of tail dust mass and indicates a trend of increasing transit depth with tail dust mass, until the tail becomes optically thick, so that there is no additional absorption from additional mass.
The lower panels present the same data as the upper panels, however all light curves were normalised to the light curve of 2.5 µm and were scaled so that every tail dust mass had the same transit depth. This re-scaling shows that the most wavelength dependence in transit depth occurs for very low-mass tails which are mostly optically thin. These tails produce very shallow transits, which will be inherently difficult to detect. Conversely, very high mass tails are optically thick and have almost no wavelength dependence in transit depth. However, we also predict a range of tail masses from approximately 2 × 10 12 − 2 × 10 14 kg that have moderately deep transit depths but still exhibit a significant wavelength dependence. This suggests the tantalising possibility that if multi-wavelength transit depth observations were to be carried out to an accuracy of about 0.1%, they could be compared to models such as these and allow another way for the tail dust mass (and mass-loss rate) to be estimated. However, these results are tailored for Kepler-1520 b under the assumption that its dust composition is corundum. Therefore, performing this study for a different planet with a different composition and different stellar irradiation may give different results.
Constraints on particle ejection velocity
As mentioned in Section 3.2, the maximum height of an optically thick tail has a large effect on the transit depth. If the tail has sufficient mass to be optically thick, the transit will not depend on the amount of mass in the tail, and instead will only depend on the transiting cross-section of the tail, which is limited by the size of the star and depends on the maximum height and length of the tail.
The length of the tail depends on the lifetime of the particles while the maximum height of the tail depends on the projected height of the tail as seen from the observer, h, which is related to the maximum height perpendicular to the orbital plane, H, by the orbital inclination, i as h = H cos(i). H depends on the component of particle ejection velocity perpendicular to the planet's orbital plane and the mass of the planet due to the planet's gravitational attraction of the ejected particles. For a spherically symmetric particle outflow from the planet, the tail forms part of a torus with diameter, H, which results in h always being equal to H for all viewing inclinations. However, if the particle outflow were not spherically symmetric, the correcting factor cos(i) would need to be considered. Without considering the planet's gravitational attraction, the maximum height of the tail, H, can be shown to depend linearly on the vertical component of the particle ejection velocity. This derivation is given in detail in Appendix A. A particle that is ejected from a parent body will also follow a Keplerian orbit that is inclined relative to the orbit of the parent body. This inclination relative to the parent body's orbit can give a maximum height perpendicular to the orbital plane from trigonometry, which when combined with the inclination formula simplifies to a linear relationship. The planet's gravity acts to decelerate the ejected particles, but their maximum heights will still depend on their velocity perpendicular to the orbital plane, after deceleration. This can lead to an apparent non-linear relationship between particle ejection velocity and resulting maximum tail height.
Particle trajectories
To demonstrate this relationship we simulated tails with a fixed planet mass of 0.02 M ⊕ and ejected meta-particles with a spherically symmetric spatial distribution, while varying the ejection velocity magnitude. Since we ejected a spherically symmetric stream of meta-particles from the surface of the planet, only meta-particles that have a large component of their velocity perpendicular to the planet's orbital plane attain the maximum height. However, because of the large number of meta-particles used in these simulations, the tail is optically thick over the entire height of the tail. In reality, situations could arise where there is an optically thick central band through the tail where it is most dense and optically thin upper and lower edges where it is less dense.
We calculated the transit depths with MCMax3D as in Section 4. The resulting transit depths and corresponding maximum tail heights are shown in the top and bottom panels of Fig. 22 respectively. After simulating the tails without accounting for selfshielding affecting the radiation pressure, we scaled the resulting tail dust masses to the arbitrary large value of 1.2×10 16 kg to ensure that the tail was optically thick so that there would be a constant correspondence between the tail's transit cross-section (set by its maximum height) and transit depth. However, such a high-mass tail may be unrealistic. We also examined the maximum tail height and transit depth profile of a mostly optically thin tail of dust mass 2×10 13 kg. This tail produced transit depths that ranged from 0.2 − 1.2%, but it only approximately had a constant correspondence between transit depth and maximum tail height. The maximum tail height profile has an interesting and non-intuitive shape for meta-particle ejection velocities less than the planet's surface escape velocity because of the interplay between the acceleration terms in Equation 1. Fig. 12 . Simulated tail of corundum meta-particles viewed from above the orbital plane (left) and in the orbital plane (right) with meta-particles colour coded according to meta-particle radius. The left panel's axes have the same scale, however the right panel's vertical axis is stretched by a factor of ∼1000 relative to the horizontal axis because the tail is much longer than it is high. These meta-particles have an initial radius of 1 µm and were ejected from a planet of mass 0.02 M ⊕ in a continuous and spherically symmetric distribution with a velocity of 0.40 times the surface escape (or 1.21 kms −1 ). The meta-particles were tracked as they sublimated until they were removed when they reached a radius of 1 nm. The sublimation rate of the meta-particles was set so that they reached a radius of 1 nm after one planetary orbit. Although there appear to be gaps at high Z positions between individual meta-particles, the grid used for radiative transfer contains at least a few meta-particles per cell and results in a continuous distribution. Fig. 13 . Same as Fig. 12 , but colour coded proportionally to the square root of density to increase the dynamic range.
For velocities of 1.4 − 2.2 kms −1 , the meta-particles almost reach the maximum possible height allowed by inclining their orbits, as though the gravitational field of the planet were not present. This occurs because some meta-particles that are ejected in particular directions (in the co-rotating reference frame) experience sufficient Coriolis and centrifugal accelerations to increase their velocity in the direction perpendicular to the planet's gravitational acceleration enough to allow them to achieve a partial orbit around the planet. The Coriolis and centrifugal accelerations then act during the time of the partial orbit to quickly move these meta-particles radially away from the planet, rapidly decreasing the acceleration due to the planet, and allowing their orbits to incline without having to work against the planet's gravity in the direction perpendicular to the planet's orbit.
For ejection velocities greater than 3.2 kms −1 , the Coriolis and centrifugal accelerations can not change the increased metaparticle ejection velocities fast enough to allow them to enter partial orbits around the planet. As a result, they initially work against the gravitational field of the planet until the Coriolis and centrifugal accelerations radially move them beyond the planet's Hill sphere where the acceleration from its gravity is negligible. The time interval that the planet's gravity is relevant for can be well approximated as the time that a meta-particle with all of its initial velocity perpendicular to the planet's orbital plane (and zero velocity in the radial direction) takes to be accelerated beyond the planet's Hill sphere in the radial direction by the centrifugal acceleration. The Coriolis acceleration can be neglected for this approximation as it is roughly two orders of magnitude weaker than the centrifugal acceleration. With an initial centrifugal acceleration of 24 ms −2 , it takes approximately 700 seconds to cross the planet's Hill sphere. As a first order approximation, we calculated the resulting vertical velocity of a meta-particle that was decelerated by the planet's surface gravity of approximately 2 ms −2 for 700 seconds and found good agreement with the maximum tail height for ejection velocities higher than the surface escape velocity shown in Fig. 22 .
In the middle region spanning approximately 2.2 − 3.2 kms −1 , the trajectories of the highest inclination meta-particles transition between the two previously described scenarios. This involves them being initially decelerated in the radial direction by the planet's gravity enough to allow them to enter a partial orbit around the planet, as was described for the 1.4 − 2.2 kms −1 region. Interestingly, since the meta-particles decelerate until the threshold at which they can enter a partial orbit, this results in the maximum tail height being relatively constant with increasing velocity over this region. This is in contrast to what we see in the region of ejection velocities greater than 3.2 kms −1 where the planet's acceleration is not able to reduce the meta-particles' velocities fast enough for them to enter partial orbits. . Simulated tail of corundum meta-particles viewed from above the orbital plane (left) and in the orbital plane (right) with meta-particles colour coded according to meta-particle radius. The left panel's axes have the same scale, however the right panel's vertical axis is stretched by a factor of ∼1000 relative to the horizontal axis because the tail is much longer than it is high. These meta-particles have an initial radius of 1 µm and were ejected from a planet of mass 0.02 M ⊕ and radius 0.28 R ⊕ in a continuous and spherically symmetric distribution with a velocity of 1.034 surface escape velocities (or 3.13 kms −1 ). The meta-particles were tracked as they sublimated until they were removed when they reached a radius of 1 nm. The sublimation rate of the meta-particles was set so that they reached a radius of 1 nm after one planetary orbit.
Constraint from the transit depth
The deepest transit depth of Kepler-1520 b as observed by Kepler is approximately 1.4%. From Fig. 22 it can be seen that this transit depth results from an optically thick tail of maximum height from the orbital plane of 1×10 7 m, produced by a meta-particle ejection velocity of 1.2 kms −1 . Since this is for an optically thick tail that is longer than the stellar diameter, this corresponds to a lower limit on the particle ejection velocity required to produce any given transit depth. The reason for this being a lower limit can be understood by considering an idealised example of a rectangular tail of length l and height h transiting a spherical star of radius R. The transmission through this rectangular tail can be approximated as T = (1 − f ) where f is the A&A proofs: manuscript no. ChromaticTransitLightCurves Fig. 16 . Same as Fig. 15 , but colour coded proportionally to the square root of density to increase the dynamic range. fractional absorption of the tail, with f = 1 representing complete absorption of an optically thick tail and f < 1 representing the absorption of an optically thin tail. If the tail were optically thick and much longer than the stellar diameter ( f = 1, l >> 2R), the transiting cross-section and hence transit depth will only depend on the projected tail height, which is proportional to the vertical component of the particle ejection velocity. However, this represents a situation where l and f contribute maximally to the absorption of the tail so if this were not the case and l and f decreased, h would need to increase to compensate for their reduced effect on the total absorption of the tail. Therefore, the ejection velocity inferred by assuming the tail to be long and optically thick is a lower limit. The minimum particle ejection velocity of 1.2 kms −1 for a planet mass of 0.02 M ⊕ is broadly consistent with the results of Perez-Becker & Chiang (2013) who found 0.02 M ⊕ to be its most likely mass and typical outflow velocities of ∼1 km s −1 . However, since PerezBecker & Chiang (2013) model a gaseous outflow that gradually accelerates the escaping dust particles, their study is not directly comparable to ours, which ejects meta-particles from the surface of the planet into a vacuum.
Since the transit depth depends on the tail length, projected tail height (or particle ejection velocity) and optical depth of the dust tail, it will be challenging to disentangle their contributions Fig. 18 . Same as Fig. 5 , except this tail was simulated with an initial meta-particle size of 50 µm so the meta-particles do not experience a strong enough radiation pressure to push them into a long tail. Fig. 19 . Same as Fig. 18 , except the meta-particles are colour coded proportionally to the square root of the density in the tail. and determine their individual values. However, the lower limit on the projected tail height can be used to narrow the allowed parameter space, allowing a more detailed physical interpretation of the tail to be derived.
Polarimetry
Starlight that reflects off disks and planets will become polarised due to being scattered by gas molecules or aerosols. Therefore, searches for polarimetric signatures can provide valuable information about the structure of disks (e.g. de Boer et al. 2017 ) and cometary coma (e.g. Stinson et al. 2016) . Since the tails of disintegrating rocky exoplanets are composed of small dust particles, they would similarly be expected to induce a polarisation signal. MCMax3D treats polarisation in its radiative transfer computations so in addition to generating images in non-polarised light, it also generates images in the Stokes Q and U parameters. This has allowed us to investigate the plausibility of observing the polarisation signal induced by the dust tails of disintegrating rocky exoplanets. For all of the simulated tails presented in this paper, we examined the normalised polarisation intensity Q 2 + U 2 /I (where I is the total intensity) and found that it was generally comparable to the noise from the star, but a weak signal was apparent at the 10 −5 level.
Discussion
Observational implications
It is plausible that high-mass tails would be optically thick, while low-mass tails would be optically thin. This may be a partial explanation for why Croll et al. (2014) , Murgas (2013) and Schlawin et al. (2016) found no evidence for a wavelength dependence in transit depth for transits of comparable depth to the Kepler light curves, while Bochinski et al. (2015) did detect a wavelength dependence in transit depth for similar transit depths. This scenario would be possible if the material were ejected with variable mass-loss rates and with variable ejection velocities, as is illustrated in Fig. 21 which shows, that for a given transit depth, the tail can be optically thick or thin depending on the maximum tail height. Therefore, additional multiwavelength transit observations, including the K band (2.2 µm) in particular, would be very valuable for better constraining the models.
Limitations of the model
Our model takes about 15 hours to generate a dust tail, tracking 5×10 4 meta-particles and about 80 hours per wavelength to generate a corresponding full phase light curve for that tail model, so it was not feasible to carry out a rigorous parameter space study in an MCMC fashion because the model realisation times are orders of magnitude too long. However, this may be plausible in the future. Nevertheless, we caution against fitting the average light curve in great detail because of the non-linear relation between the transit light curve and the tail model: a model that explains the average light curve may not correspond to the average of models that would explain the individual transits.
The long light-curve simulation times in our model are in contrast to previously used models (see Introduction), which made approximations to generate transit light curves in a fast way to enable the parameter space to be explored with a MCMC analysis. This drawback was compensated by MCMax3D offering the advantage of being able to robustly generate transit To simulate these light curves, the dust meta-particles were ejected with an initial radius of 50 µm. Due to 50 µm sized meta-particles not experiencing a significant radiation pressure, they do not form a long tail and drift in front of the planet. This results in a shallow transit depth and early ingress. To compensate for the reduced absorption resulting from the short tail, these light curves were scaled by a factor of 14 to make them comparable to the Kepler light curve. light curves with part or all of the tail being optically thick. This enabled us to investigate whether having an optically thick tail could explain why only some multi-wavelength observations show a wavelength dependence in transit depth. Although we could not determine a best fit, by assuming reasonable values for most parameters and varying other important parameters in a trial-and-error way, we were able to generate light curves that were a reasonable match to the observed Kepler long-cadence light curve.
All of the simulated tails presented here were produced by ejecting meta-particles with an initial size of 1 µm, while in reality, particles are probably ejected with a distribution of particle sizes. This may be related to the discrepancy at egress between the simulated and observed light curve shown in Fig. 9 . Ejecting meta-particles with a distribution of initial sizes would result in the tail being radially wider because meta-particles of different radii would experience different values of β and have different trajectories, as illustrated in Fig. 1 . However, for meta-particles of corundum in the tail of Kepler-1520 b, they have a maximum value of β = 0.087 (Fig. 3 . of van Lieshout et al. 2014) which is comparable to the range of β shown in the right panel of Fig.  1 , indicating that this only has a small effect on the tail's radial width. Therefore, we do not expect that ejecting meta-particles with a distribution of sizes would significantly change the results of our simulations. However, this will be further investigated in the forthcoming work, which includes the optical depth in the particle dynamics simulations.
High mass-loss rates
The mass-loss rates that we derive are orders of magnitude higher than those determined by previous studies, which are 0.1 − 1 M ⊕ Gyr −1 (e.g. Perez-Becker & Chiang 2013). Our higher mass-loss rates are likely related to the optically thick region at the head of the tail (near the planet) that is present in even our mostly optically thin tails. However, our model neglects extinction caused by gas that could possibly be present after being directly lost from the planet or by being produced by the sublimation of the dust in the tail. If our model were to include extinction by gas, we would not require as much extinction by dust which would allow a lower dust tail mass or mass-loss rate. However, estimating the extinction by such gas would rely on many additional assumptions and we simply caution that all of the tail dust masses presented throughout this paper should only be considered as upper limits.
While our derived planet lifetimes appear to be too short to be consistent with the observed occurrence rate of disintegrating rocky exoplanets, this would not be the case if many of these short-lived objects were produced. However, the occurrence rates for ultra-short period planets derived by SanchisOjeda et al. (2014) suggest that longer lifetimes are required.
Constraints from dynamics
In Section 3.5 we show from a dynamical perspective that the particles must be less than approximately 50 µm to form a tail. While this is based on different physics, it is compatible with the Fig. 21 . Transit depth in different wavelengths as a function of dust mass in the tail on the bottom horizontal axis or dust mass-loss rate, assuming an initial meta-particle size of 1 µm and a meta-particle density of 4.02 g cm −3 , corresponding to the density of corundum, on the top horizontal axis. The left panels are for a meta-particle ejection velocity of 272 ms −1 and the right panels are for meta-particle ejection velocities of 679 ms −1 . The first row shows the absolute transit depth as a function of tail mass. The lower row presents the same data as the upper panels, however all wavelength light curves were normalised to the light curve of 2.5 µm and were scaled so that every tail dust mass had the same transit depth to highlight the wavelength dependence.
radiative hydrodynamical simulations of Perez-Becker & Chiang (2013) which showed that large particles are less likely to be present in the tail because they are more difficult to lift out of the planet atmosphere. It is also consistent with previous observational studies, which all found constraints that varied from 0.1 − 5.6µm (Brogi et al. 2012; Croll et al. 2014; Bochinski et al. 2015; van Lieshout et al. 2016; Schlawin et al. 2016) .
In addition to the spherically symmetric meta-particle ejection distribution that was used for the tails presented in the preceding sections, we also trialled ejecting meta-particles uniformly from only the day-side and from a 30
• cone directed towards the star. We find that the resulting tails had the same overall morphology as the tails produced by a spherically symmetric distribution, but that there were also some differences. The dayside only ejection distribution results in a tail that was narrower in the radial direction, while the 30
• cone distribution directed towards the star resulted in a tail that was both narrower in the radial direction and the vertical direction (perpendicular to the planet's orbital plane). Both the reduced radial and vertical extents reduced the extinction from the tail so higher tail masses (or planet mass-loss rates) were required to result in the same transit depths as the tails produced from a spherically symmetric meta-particle ejection distribution.
Plausibility of volcanic particle ejection mechanism
The transit light curves of Kepler-1520 b show that it has transit depths that vary from approximately 0 to 1.4% and that there is no correlation between consecutive transits (van Werkhoven Fig. 22 . Transit depth (top) and maximum tail height (extent from the planet's orbital plane) (bottom) as a function of meta-particle ejection velocity. The meta-particles were ejected with a spherically symmetric distribution from a planet of mass 0.02 M ⊕ and radius of 0.3 R ⊕ . After the tail was simulated, the dust mass was scaled to the arbitrary large value of 1.2×10 16 kg to ensure that the tail was optically thick. The vertical dotted line is the surface escape velocity. The blue dash-dotted line is the maximum height that tail meta-particles could attain if they were not decelerated in the vertical direction (perpendicular to the planet's orbital plane) by the planet's gravity. The dashed red line is the maximum height that tail meta-particles could attain if their vertical velocity were decelerated by the planet's gravity for the time it takes the meta-particles to radially move beyond the planet's Hill sphere, after being accelerated by the centrifugal acceleration (considering the co-rotating reference frame). et al. 2014 ). This could likely be explained by the mass-loss rates varying significantly over time scales comparable to the planet's orbital period. The simulations of Perez-Becker & Chiang (2013) show that a limit-cycle can plausibly result in the required variation in mass-loss rates on the required time scales. The limit-cycle would form as a result of the mass-loss rate being driven by the stellar flux incident on the planetary surface after passing through the planet's atmosphere of variable opacity. The maximum mass-loss rate would occur when the atmosphere is clear of dust, which would lead to a dusty atmosphere obscuring the surface and lowering the mass-loss rate until the atmosphere clears. Rappaport et al. (2012) and Perez-Becker & Chiang (2013) also qualitatively suggest that the variability may also be partly caused by the limit-cycle being punctuated with unpredictable outbursts from volcanoes or geysers. However, it is not clear whether this body could sustain sufficient geological activity for this to be a reasonable explanation due to its small size of <0.7 R ⊕ (van Werkhoven et al. 2014 ).
The volcanic activity of Io (Lainey et al. 2009 ) and the geyser activity of Enceladus (Hedman et al. 2013 ) both result from tidal interactions with their host planets (Jupiter and Saturn, respectively) and interactions with the other moons in their systems. Kepler-1520 b is the only known planet in its system so it is unlikely that it will have tidal interactions with other bodies.
Furthermore, the models of Perez-Becker & Chiang (2013) indicate that bodies with masses <0.1 M ⊕ can completely disintegrate in time scales of 10 Gyr, and that Kepler-1520 b is likely in the final few percent of its lifetime so it has probably been at its current small orbital distance for long enough for tidal forces to have circularised its orbit. A circular orbit is also consistent with the transit timing observations. Therefore, tidal heating is probably not sufficient to drive any substantial geological activity.
The simulations of Perez-Becker & Chiang (2013) showed that small changes in the planet's atmospheric optical depth can lead to large changes in mass-loss rate. For example, if the optical depth to the surface increased from 0.1 to 0.4, the mass-loss rate would decrease by more than a factor of ten. Therefore, for a geological process to affect the variability of the transit depth, it would only need to increase the optical depth to the surface by adding more material to the planet's atmosphere, and not need to be energetic enough to eject particles completely from the planet. If geological activity were to be influencing the transit depth in this way, periods of high geological activity would result in higher optical depths and hence lower mass-loss rates. This is the opposite scenario to what would be expected for very extreme geological activity directly ejecting particles from the planet, leading to high mass-loss rates during periods of high geological activity.
Typical volcanic eruption velocities on bodies throughout the Solar System are generally consistent with the ejection velocities derived here for Kepler-1520 b. For example, typical ejection velocities on Earth are of the order of 300 ms −1 , while on Mars they are predicted to have been of the order of 500 ms −1 and on Venus they are predicted to be about 100 ms −1 (Wilson & Head 1983) . Furthermore, on Io, due to its high level of geological activity driven by tidal interactions with Jupiter and other moons, the volcanic eruptions have been observed to be 0.5 − 1 kms −1 (McEwen & Soderblom 1983) . However, Ip (1996) found for Io that only dust particles of radii ≤0.01µm, that are electrically charged, can escape from the volcanic plume and form a dust coma by being accelerated by Jupiter's magnetic field. Therefore, even assuming that a volcanic eruption on Kepler-1520 b was capable of ejecting particles at these high velocities, it is not clear whether it could enable micron sized particles to escape the planet and form a dust tail.
It is not clear from a geological perspective, whether it is reasonable to expect that volcanic outbursts could occur on a body as small as Kepler-1520 b. However, based solely on the lower limit on particle ejection velocity for Kepler-1520 b that we derived being comparable to the ejection velocities from solar system volcanoes, it could be plausible
Summary
We have developed a new 3D model of the dust tails of disintegrating rocky exoplanets that ejects sublimating meta-particles from the planet surface to build-up a dust tail, instead of assuming a tail density profile like previous 1D and 2D models. We generated transit light curves of our simulated tails using the Monte-Carlo radiative transfer code MCMax3D (Min et al. 2009 ), which accounts for scattering and absorption in a robust way, allowing us to generate transit light curves for optically thick tails. We used this model to investigate how the optical thickness and extent perpendicular to the planet's orbital plane (height) of a general dust tail can affect the observed wavelength dependence and depth of transit light curves.
We show that there is a decreasing wavelength dependence in transit depth as a function of tail optical depth, potentially explaining why only some multi-wavelength transit observations show a wavelength dependence. We also find that if the tail is optically thick, the transit depth is not indicative of the amount of mass in the tail, and only depends on the transiting cross-section of the tail.
Furthermore, we derive that the maximum tail height depends linearly on the vertical (perpendicular to the orbital plane of the planet) component of the particle ejection velocity and derived a lower limit on the particle ejection velocity required to produce a given transit depth. By applying this to the maximum transit depth of Kepler-1520 b of 1.4%, we find the required minimum particle ejection velocity to be approximately 1.2 km s −1 . We also show from a dynamical perspective that for low ejection velocities, only particles that are ejected in particular directions can escape from the planet and form a tail, and that the particles in the tail must be of radius 50 µm.
To fit the average transit depth of Kepler-1520 b of 0.87%, we derived dust mass-loss rates of 7 − 80 M ⊕ Gyr −1 which are approximately 10 − 100 times larger than those found by previous studies. Assuming a likely planet mass of 0.02 M ⊕ , our dust mass-loss rates imply a planet lifetime up to approximately 3 Myr. It is unlikely that several objects with such relatively short lifetimes would have been observed so our derived dust massloss rates are unrealistic. The cause of our high dust mass-loss rates is not completely understood but it is likely related to our consideration of optically thick tails that can 'hide' mass, while previous studies only considered optically thin tails. We also did not consider the potential extinction from gas that may be lost from the planet or produced by the sublimation of dust in the tail. If it were considered, we may require less dust to produce the required extinction, so our high dust mass-loss rates should only be considered as upper limits. While our large mass-loss rates indicate that more work is required, we believe that these results may help to explain why only some transit observations of Kepler-1520 b show a wavelength dependence and that our constraints on particle ejection velocity give us a more accurate physical interpretation of this intriguing object.
